The squares of the operators of a given group G generate an invariant subgroup H and the quotient group G/H is an abelian group of order 2a and of type (1, 1, 1, . . .). If a Sylow subgroup of order 2' contained in G is cyclic but not the identity then G contains one and only one subgroup of index 2 and hence this subgroup is generated by the squares of its operators. The fact that such a G contains at least one subgroup of index 2 is a direct consequence of the obvious existence of negative substitutions therein when it is represented as a regular substitution group. It could not contain more than one such subgroup since the cross-cut of all of its subgroups of index 2 is invariant and gives rise to an abelian quotient group of order 2a and of type (1, 1, 1, . . . ). This invariant subgroup is evidently generated by the squares of the operators of G since these squares appear in every subgroup of index 2.
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The fact that there are groups which separately involve only one subgroup of index 2 but do not contain a cyclic Sylow subgroup of order 2' results directly from the symmetric groups of degree n > 3, since each of these groups is known to contain only one subgroup of index 2 but its Sylow subgroup of order 2' is non-cyclic. The direct product of a simple group whose order exceeds 2 and the group of order 2 contains one and only one subgroup of index 2 and hence this subgroup is generated by the squares of its operators. Moreover, if such a simple group is extended by an operator so as to obtain a group of twice its order and if this extending operator transforms it according to an inner isomorphism then this extended group is such a direct product. That is, if a group contains a simple group whose order exceeds 2 as a subgroup of index 2 generated by the squares of its operators but is not the direct product of this simple group and a group of order 2 then it is the extension of this simple group and an operator which transforms it according to an outer isomorphism whose order is a power of 2.
A necessary. and sufficient condition that the squares of the operators of a group of order 2' generate a subgroup of index 2 is that this group is cyclic. In a non-cyclic group of order 2"' the subgroup generated by the squ,ares of its operators therefore has an index which is at least 4. We proceed to determine some of the properties of those groups in which this index is exactly 4. A necessary and sufficient condition that this index is exactly 4 is that the group G contains exactly three subgroups of index 2.
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To prove this fact we shall first prove that G cannot contain an abelian subgroup of type (1, 1, 1, . . . ) which contains as many as four independent generators. If such a subgroup appeared in G an additional operator of G would transform all the commutators arising from it into themselves and hence the order of the commutator subgroup could not exceed the square root of the order of this abelian subgroup. The squares of the additional operators of G would also appear in the central of G. Hence the commutators of G and the squares of the operators of G would generate a characteristic subgroup of G whose order could not exceed the double of the order of this commutator subgroup and hence it would be at least of index 8 under G. Consequently G would involve at least seven subgroups of index 2. As this is contrary to the hypothesis it has been proved that G cannot contain an abelian subgroup of index 2 and of type (1, 1, 1, ...) which has as many as four independent generators.
If G involved another subgroup of index 2 containing at least as many as four independent generators then the squares of the operators of this subgroup would generate a characteristic subgroup of it which would give rise to an abelian quotient group of type (1, 1, 1, . . . ) having at least as many as four independent generators. The reasons why this is impossible are obviously similar to those noted in the preceding paragraph and hence there results the following theorem: If a group of order 2m has the property that the squares of its operators generate a subgroup whose index does not exceed 4 then it cannot involve a subgroup of index 2 which has as many as four independent generators. It therefore results that if in a group of order 2m the squares of the operators generate a subgroup whose index does not exceed 4 then it involves .no subgroup of index 2 which has more than three independent generators.
It is well known that when G involves a cyclic subgroup of index 2 there are five and only five groups of order 2"', m > 3, in which the squares of the operators generate a subgroup which is exactly of index 4. Two of these groups involve separately two cyclic subgroups of index 2 while each of the remaining three involves only one such subgroup. In the latter cases each of the two additional subgroups of index 2 has two independent generators. Every quotient group of the groups under consideration has at most two independent generators. In particular, the possible noncyclic quotient groups of order 8 are the quaternion group, the octic group and the abelian group of type (2,1).
To prove that the same G cannot have more than one of these groups of order 8 as a quotient group we may note that first if it had at least two such quotient groups it would have at least three, which would not necessarily be distinct, since each such quotient group would involve a subgroup of order 2 corresponding to the subgroup of index 4 in G generated by the squares of its operators. Hence two invariant subgroups of index 8 which would give rise to these quotient groups would have an invariant cross-cut of index 16 under G which would give rise to the four group as a quotient group under the subgroup of the squares in G. The squares of some of the remaining operators of G would appear in every pair of cosets corresponding to operators of this four group. As this is obviously impossible it has been proved that a group of order 2' in which the squares of the operators generate a subgroup of index 4 is completely characterized by its non-cyclic quotient group of order 8.
It is easy to prove that there are infinite systems of groups belonging to each of the three groups of order 8 having two independent generators. To construct such a system belonging to the quaternion group we may start with an arbitrary abelian group having either two or three independent generators in the restricted sense of this term. In the former case we may assume that an additional operator which transforms the independent generator whose order is at least as large as the order of the other into itself multiplied by this other which it transforms into its inverse. Hence it is commutative with the product of the square of the former independent generator into the latter and may be assumed to have this product for its square. To the identity of the quaternion quotient group there corresponds the group generated by the fourth power of the former, the square of the latter of the given independent generators, and the product of the latter into the square of the former.
If the arbitrary abelian group has three independent generators s1, s2, s3 we may assume that the order of si does not exceed that of s2 and that the additional operator has S3 for its square, transforms si into its inverse and transforms s2 into itself multiplied by si. The subgroup corresponding to the identity of the quaternion quotient group is then generated by the squares of si and 53, by the fourth power of s2 and by the products of s1 into s22 and 53. To prove that there exist an infinite number of such groups which have either the octic group or the abelian group of type (2,1) as a quotient group we may note that in each of these cases it may be assumed that G contains an arbitrary abelian subgroup having either two or three independent generators. The arguments in each of these cases are similar to those employed above when the quotient group is the quaternion group. VOL. 21, 1935 
